Two compact flat Riemannian manifolds are called comparable if each one is a covering space of the other in such a way that the covering maps are affine and both the compositions of the covering maps increase distance locally by a constant factor. Considering comparability classes instead of affine-equivalence classes corresponds to localizing the algebra in calculations.
Introduction. This paper is concerned with compact flat Riemannian manifolds, i.e. smooth compact manifolds with a Riemannian connection for which the Levi-Civita connection is flat. These are all quotients of Euclidean space R n by a group of isometries Γ acting properly discontinuously. A continuous map between two such manifolds is called affine if it lifts to an affine map of R". The rotational part of Γ, i.e. its image in GL(R W ), is called the holonomy group of the manifold and is always finite. Charlap [4] showed that the affine-equivalence classes of these manifolds with given holonomy group G correspond bijectively with the isomorphism classes of a category E Z (G) defined in terms of the integral representations of G. For the purpose of calculation it is convenient to localize the integral representations to get a category E(G). This will be seen to correspond to the following geometric notion. Section 1 covers the background material. In §2 we shall look at the endomorphisms of these manifolds and in §3 we shall prove the following. THEOREM A. There is a natural bijection between the isomorphism classes of E{G) and the comparability classes of compact flat Riemannian manifolds with holonomy group G.
PETER SYMONDS
Section 4 investigates the extent to which the cohomology of the manifold is an invariant of the comparability class and §5 contains a calculation of the comparability classes when the holonomy group is the metacyclic group D pq9 p, q primes. Any two embeddings of Γ in Isom(R n ), the group of isometries of R", are conjugate in Aff(R"), the group of affine transformations of R", and under such an embedding M corresponds to the subgroup of pure translations and G to the holonomy group.
Conversely, any abstract group which fits into an exact sequence with these properties can be realised as the fundamental group of a compact flat Riemannian manifold of dimension n, unique up to affine equivalence, and for each n there are only finitely many such groups up to isomoφhism. In fact any finite group can occur as the holonomy group G of a compact flat Riemannian manifold for sufficiently large n [1].
Thus the task of determining the compact flat Riemannian manifolds up to affine equivalence is equivalent to that of determining the groups Γ which fit into a sequence (*) and satisfy conditions (i), (ii) and (iii). First of all, recall that if R is a Dedekind ring and G a finite group then a finitely-generated i?G-module which is i?-projective is called an i?G-lattice. In the sequence (*) M is a ZG-lattice and the sequence is determined by an element a £ H 2 (G; M). We shall label the group Γ and also the corresponding manifold (up to affine isomorphism) by B (M, a) 
/ is an i?G-module homomorphism Λf -> >ί(iV). There is an induced isomorphism A*:
Charlap). The map B defines a bijection between the isomorphism classes of E Z (G) and the affine-equivalence classes of compact flat Riemannian manifolds with holonomy group G.
This reduces the geometric problem of classifying the compact flat Riemannian manifolds with given holonomy group to an algebraic one involving ZG-lattices M and H 2 (G; M). Charlap [4] gave the solution for G = C p9 the cyclic group of order p, which is one of the few cases where all the ZG-lattices are known.
The advantage of the comparability classes is that we only need to consider the genus of the ZG-lattice M, where two ZG-lattices M, N are in the same genus if they are isomorphic when localized at any prime p (we write M p = N p ) or equivalently when completed at any prime p (M p = N p ). See [7] . These are much easier to handle. 2 ) are affinely equivalent we have to be able to construct automorphisms of M. We shall use the following proposition which applies to any ring Λ. 
Construction of automorphisms. In order to decide whether two manifolds B(G; M, a λ ), B(G\ M, a
Proof. Hilton and Stammbach [9] give an interpretation of the functor Ext in terms of extensions, not only for the modules but also for the morphisms. If M is a faithful ZG-lattice then Γ can be embedded in Aff(R") and imγ must be conjugate to Γ in Aff(R") so if Γ is torsion-free we get an affine map from the corresponding flat manifold to itself which evidently increases distances by a factor m.
DEFINITION. An endomorphism of a flat manifold which increases all distances by a factor m is called expanding of degree m. By Nakayama's lemma, θ p φ p is onto M^ so θ p φ p must be an automorphism of M p and in particular keτφ p = 0. Hence (kerφ)^ = 0 and since kerφ is torsion-free, kerφ = 0. Let T = cokerφ, so
Since φ p is an isomorphism, t p = 0, so T is finite and |7"| is prime to |G|. D Now if we let m = |Γ|, mN c φ(M), so we can define φ': N -> M by φ\n) = φ'^mw), n e N. On cohomology φ* is iso and φ^φ* = m is iso so φ'* is iso. By the proposition of §2 and the discussion afterwards, φ and φ' lead to covering maps θ: B ι -> B 2 , θ r : B 2 -> 5 X which show that 5 1 and B 2 are comparable. We have shown: THEOREM B. Algebraic comparability is equivalent to comparability for flat manifolds.
It is now clear how to define the category E(G) in order to make Theorem A valid. The objects are the same as those of E Z (G) but the morphisms must be those occurring in the definition of algebraically comparable. That is, a morphism (M, α) -» (N, β) is now a pair ({f p } 9 A) where A is an automorphism of G and for each p which divides G there is a ZG-module automorphism f p :
REMARKS, (a) Since there are exist non-isomorphic ZG-lattices in the same genus, for example when G is cyclic of order 23, the construction yields examples of manifolds which cover each other in a non-trivial way. Charlap [4] has examples which become affinely equivalent after taking the product with a circle. 
construction, cokerφ is finite of order prime to \G\ and so from the exact sequence
we see that this is the case (H\M; R) s Hom(M, iϊ)). For other R we must examine the proof of Lemma A to see that cokerφ can be made coprime to an additional finite set of primes. The only torsion that can occur in H*(B; -) is at primes in \G\ since the only E£* terms which are not annihilated by |G| are the E 2 * and there are no differentials with image in E°%. Thus we can deduce the result for R = Z from the case with the primes not in \G\ inverted. D REMARKS, (a) A version of this theorem for G of prime order was proved by Charlap and Vasquez [5] , who also calculate the groups H*(B;Z) in this case.
(b) It is not known whether the rings H*(B; Z) must be isomorphic.
Metacyclic groups.
Let D pq be a metacyclic group of order pq, with p, q distinct primes and q dividing p -1:
where r is a primitive #th root of 1 mod p. We shall find the comparability classes of flat manifolds with holonomy group isomorphic to D pq . The genera of the indecomposable D^-lattices were determined by Pu [10] and are given in [7, pp. 747-751], whose description we follow here.
Let R = Z[f], where ξ is a primitive pth root of 1. Define an automorphism σ of R over Z by σ(ξ) = f r and let D^ act on R by yr = σ(R), r e i?. Thus i? is a ZG-lattice and so is the ideal P = (1 -ξ)R or any power of it, P\ There are also the indecomposable lattices for the factor C q9 in particular Z, Zi/ and its augmentation ideal S, where if = (y).
If we localize at q the indecomposable Z^jD^-lattices are as follows (we shall calculate the cohomology groups later, but include them here for convenience). 
Z^-latticeM

